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Download pdf. I want students to enjoy\nreading the book. To this end, I have included lines from
popular songs,\npoems, quotations, biographies, historical notes, dozens of photographs,\nhundreds
of figures, numerous tables and charts, and reproductions of\nstamps and currency that honor
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this\nchapter we collect the properties we need for future reference.\n \n An important property of
the integers, which we will often use, is the\nsocalled Well Ordering Principle. Since this property
cannot be proved\nfrom the usual properties of arithmetic, we will take it as an axiom.\n \n Well
Ordering Principle\n \n The concept of divisibility plays a fundamental role in the theory
of\nnumbers. We say a nonzero integer t is a divisor of an integer s if there\nis an integer u such



that s 5 tu. When t is not a divisor of s, we write t B s. A prime is a\npositive integer greater than 1
whose only positive divisors are 1 and\nitself. We say an integer s is a multiple of an integer t if
there is an in\nteger u such that s 5 tu.

\n \n As our first application of the Well Ordering Principle, we establish\na fundamental property of
integers that we will use often.\n \n Theorem 0.1 Division Algorithm\n \n PROOF We begin with the
existence portion of the theorem. Then bq 1 r 5\n bq 9 1 r 9 and b q 2 q 9 5 r 9 2 r. If the encoding
function is known, the division algo\nrithm can be used to recapture the month and date of birth
from the\nthreedigit number. For New York licenses issued prior to\nSeptember of 1992, the last
two digits indicate the year of birth, and\nthe three preceding digits code the month and date of
birth. For a\nmale driver, these three digits are 63 m 1 2 b, where m denotes the\nnumber of the
month of birth and b is the date of birth. We denote this integer by\ngcd a, b . When gcd a, b 5 1, we
say a and b are relatively prime.\n \n The following property of the greatest common divisor of two
inte\ngers plays a critical role in abstract algebra. We claim that d 5 gcd a, b . Analogously or, better
yet, by symmetry,\n d divides b as well. This proves that d is a common divisor of a and b.\nNow
suppose d 9 is another common divisor of a and b and write a 5\n d 9 h and b 5 d 9 k. Then d 5 as 1
bt 5 d 9 h s 1 d 9 k t 5 d 9 hs 1 kt ,\nso that d 9 is a divisor of d. Thus, among all common divisors of
a and\n b, d is the greatest.\n \n The special case of Theorem 0.2 when a and b are relatively prime
is\nso important in abstract algebra that we single it out as a corollary.\n \n Corollary\n \n If a and b
are relatively prime, than there exist integers s and t such\nthat as 1 bt 5 1.\n \n For any nonzero
integers a and b, there exist integers s and t such that\ngcda, b 5 as 1 bt. Also, 4 4 1 1521 5 1 and
422 1 10 1 5 2.\n \n The next lemma is frequently used. We\nmust show that p divides b. Since p
does not divide a, there \nare integers s and t such that 1 5 as 1 pt. We will often use this property
without explicitly saying so.\n \n Theorem 0.

3 Fundamental Theorem of Arithmetic\n \n We will prove the existence portion of Theorem 0.3 later
in this\nchapter. We will de\nnote this integer by lcm a, b .\n \n We leave it as an exercise Exercise
12 to prove that every common\nmultiple of a and b is a multiple of lcm a, b .\n \n Every integer
greater than 1 is a prime or a product of primes. Modular arithmetic is an abstraction of a\nmethod
of counting that you often use. For example, if it is now\nSeptember, what month will it be 25
months from now. Similarly, if it\nis now Wednesday, you know that in 23 days it will be Friday.
This\ntime, you arrived at your answer by noting that 23 5 7 3 1 2, so you\nadded 2 days to
Wednesday instead of counting off 23 days. If your\nelectricity is off for 26 hours, you must advance
your clock 2 hours,\nsince 26 5 2 12 1 2. Surprisingly, this simple idea has numerous im\nportant
applications in mathematics and computer science. You will see\na few of them in this section. The
following notation is convenient.\n \n When a 5 qn 1 r, where q is the quotient and r is the
remainder\nupon dividing a by n, we write a mod n 5 r. We pre\nsent two such applications.\n \n
EXAMPLE 4 The United States Postal Service money order shown\nin Figure 0.1 has an
identification number consisting of 10 digits together\nwith an extra digit called a check. Thus the
error would be detected.\n \n EXAMPLE 5 Airline companies, United Parcel Service, and the\nrental
car companies Avis and National use the modulo 7 values of\nidentification numbers to assign check
digits. If N 5 9 q 1 r, where r is\nthe remainder upon dividing N by 9, then on a calculator screen N
4 9 appears as\n q.rrrrr..., so the first decimal digit is the check digit. For example, 3953988164 4 9
5\n439332018.222, so 2 is the check digit. However, detec\ntion of all singledigit errors, as well as
nearly all errors involving the trans\nposition of two adjacent digits, is easily achieved.

One method that does\nthis is the one used to assign the socalled Universal Product Code UPC\nto
most retail items see Figure 0.4. A UPC identification number has 12\ndigits. For doubters, let us
say that the identifica\ntion number given in Figure 0.4 is entered as 021000658798. Notice\nthat
the last two digits preceding the check digit have been trans\nposed.Abstract AlgebraSeventh
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